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Abstract
We demonstrate possible optical signatures of the Kehagias-Sfetsos
naked singularity spacetimes representing spherically symmetric vacuum
solution of the modified Hořava gravity. In such spacetimes, accretion
structures significantly different from those present in the standard black
hole spacetimes occur due to the "antigravity" effect causing existence of
an internal static sphere surrounded by Keplerian discs. We focus our
attention on the optical effects related to the Keplerian accretion discs,
constructing the optical appearance of the Keplerian discs, the spectral
continuum due to their thermal radiation, and spectral profiled lines gen-
erated in the innermost parts of such discs. The KS naked singularity
signature is strongly encoded in the characteristics of predicted optical
effects, especially in the case of the spectral continuum and spectral lines
profiled by the strong gravity of the spacetimes, due to the region of the
vanishing of the angular velocity gradient influencing the effectivity of
the viscosity mechanism. We can conclude that optical signatures of the
Kehagias-Sfetsos naked singularities can be well distinguished from the
signatures of the standard black holes.
1 Introduction
The Hořava (or Hořava-Lifshitz) gravity [27] is one of the promising approaches
to the quantum gravity that recently attracts strong attention. The Hořava
quantum gravity is a field-theory that is based on the ideas of the solid state
physics [39] and uses an anisotropic scaling of space and time. Its Lagrangian
demonstrates the Lorentz invariance at low energies, while the Lorentz invari-
ance is broken at high energies. In the Hořava gravity the space dimensions are
scaled as x → bx, while the time is scaled as t → bzt with z being an integer;
the Lorentz invariance is recovered for z = 1 [27, 26, 28, 5, 19, 20, 66, 38].
The solutions of the Hořava-Lifshitz effective gravitational equations have
been found in [11, 12, 13]. The spherically symmetric solution, compatible with
the Minkowski vacuum and having asymptotically the Schwarzschildian char-
acter, has been found in the framework of the modified Hořava model and is
given by the so called Kehagias-Sfetsos (KS) metric [33, 45]. The KS metric
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involves two parameters - the gravitational mass M determining the distance
scales in the metric, and the Hořava parameter ω reflecting the influence of the
quantum effects. The character of the KS spacetime is governed by the dimen-
sionless product ωM2. Considering the Hořava parameter to be an universal
constant, the character of the spacetime is governed by the mass parameter
M . If the product ωM2 ≥ 1/2, the KS metric describes a black hole, while for
mass parameter small enough, when ωM2 < 1/2, there are no event horizons,
and the metric describes a naked singularity. The observational limits on ω
presented in [31, 40, 32] do not exclude the existence of stellar-mass KS naked
singularities. Therefore, it is of crucial interest to look for signatures of KS
naked singularity spacetimes that enable to clearly distinguish them from the
black hole backgrounds due to the appearance of accretion phenomena.
For the accretion phenomena, the KS black hole spacetimes has been ex-
tensively studied in a series of works related both to the particle motion [24,
3, 1, 32, 18, 29, 23] and optical phenomena [2, 17, 6] that can be relevant for
tests of validity of the Hořava gravity. Quite recently, some works have been
related to the KS naked singularity spacetimes. The nature of the geometri-
cal properties of the KS spacetimes has been represented by the embedding
diagrams in [21], the ultra-high-energy particle-collisions in the deep gravita-
tional potential of KS naked singularity spacetimes have been addressed in [64],
and the circular geodesics were studied in [67], where close similarity to the
properties of the circular geodesics of the Reissner-Nordstrom naked singu-
larity spacetimes [56, 22, 46] has been explicitly demonstrated. In all of the
considered phenomena, an "antigravity" effect [67] plays a fundamental role.
The situations is similar also in the braneworld naked singularity spacetimes
[55, 49, 54, 4], but it seems to be different from the Kerr naked singularity
spacetimes [51, 68, 60, 58, 44, 61, 63, 50, 34, 8].
Due to the "antigravity" effect, all the KS naked singularity spacetimes
contain a "static" (or "antigravity") sphere where test particles can remain in
stable equilibrium positions. The static sphere represents the innermost limit
on existence of circular geodesics (corresponding to orbits with zero angular
momentum). However, the properties of the circular motion strongly depend on
the dimensionless parameter ωM2 [67, 64]. For 0 < ωM2 < (ωM2)ms = 0.2811,
stable circular orbits exist starting at the static sphere of radius rstat up to
infinity. For (ωM2)ms < ωM2 < (ωM2)ph = 0.3849, two distinct regions of
stable circular geodesics exist - the inner one between the static radius rstat and
the outer marginally stable orbit at rOSCO, and the outer one extends between
the inner marginally stable orbit rISCO and infinity; at the region rOSCO < r <
rISCO unstable circular geodesics are located. For (ωM2)ph < ωM2 < 1/2, the
inner region of stable circular orbits terminates at a stable photon circular orbit
at radius rph/o, while an unstable photon circular orbit at rph/i represents a
limit of unstable circular geodesics located at rph/i < r < rISCO, located under
the outer region of stable circular geodesics; at the region rph/o < r < rph/i, no
circular geodesics are allowed [67].
The standard Keplerian accretion discs are allowed in the regions of the outer
stable circular geodesics; in the case of 0 < ωM2 < (ωM2)ms = 0.2811, this is
2
the whole region of the stable circular geodesics, in the other cases of the KS
naked singularity spacetimes, such discs are limited by rISCO from below. The
inner Keplerian discs related to the inner region of the stable circular geodesics
cannot be created by the standard accretion processes, but we can consider
some other processes, as gravitational radiation of orbiting matter supplied by
the standard (outer) Keplerian discs, with the angular momentum limited by
L = LISCO corresponding to the inner marginally stable circular orbit, or with
larger values of angular momentum, L > LISCO, corresponding to matter in-
flowing from thick, toroidal accretion discs. The orbiting matter can succesively
settle down to a nearly circular geodesic motion, forming and inner Keplerian
disc. An alternative possibility of creating an inner Keplerian disc occurs when
particles falling freely from infinity enter high-energy collisions slightly above
the static radius [64]. Some of the new particles resulting from the high-energy
collisions can follow circular or nearly circular geodesics, being trapped in the
"antigravity" region; particles on such circular geodesics can even have very
large (covariant) specific energy (and specific angular momentum) since the
high-energy particle collisions near the static radius can convert the rest energy
of heavy infalling particles into kinetic energy of created light particles [64].
Here we focus our attention on the optical phenomena related to the outer
(standard) Keplerian discs orbiting the KS naked singularity spacetimes, and
compare them to those related to the KS black hole spacetimes or Schwarzschild
spacetimes. We discuss their appearance, their spectral continuum created by
the thermaly radiating Keplerian discs, and, finally, we construct the spectral
profiled lines generated by the innermost parts of the outer Keplerian accretion
discs. For comparison, we take into account in some cases also the effects gen-
erated by the inner Keplerian discs or some parts of these discs. In our study,
we assume the motion of photons and matter governed by the General Rela-
tivity laws, i.e., the Infra-Red end of the Hořava theory, and possible effects of
the Lorentz invariance violation, expected at the Ultra-Violet end of the theory
[27, 26, 33, 45], are not considered.
The KS geometry and the equations of motion of test particles and pho-
tons are given in Section 2. In Section 3, circular geodesics are discussed and
properties of the photon motion in the KS naked singularity spacetimes are de-
termined and compared to those corresponding to the KS black hole spacetimes
(and Schwarzschild spacetimes). In Section 4, properties of the geodetical cir-
cular orbits in the KS naked singularity spacetimes are discussed and related to
the Keplerian discs and the general accretion phenomena in these spacetimes.
Then we present in Section 5 the appearance of the innermost parts of the Kep-
lerian accretion discs under assumption of discs radiating at a given frequency,
in order to demonstrate the effects of the gravitational lensing and the Doppler
and gravitational frequency shift. In Section 6, we give the spectral continuum
under assumption of thermaly radiating Keplerian discs (of the Page-Thorne
type), and in Section 7 we construct the profiled spectral lines generated by the
Keplerian discs if their radiation is assumed at a fixed frequency related, e.g.,
to some of the Fe spectral lines. The results of the calculations of the spec-
tral effects are summarized and discussed in Section 8. Concluding remarks are
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presented in Section 9.
2 Kehagias-Sfetsos geometry and its geodesics
2.1 Geometry
The spacetime interval of the Kehagias-Sfetsos solution of the modified Hořava
gravity in the standard Schwarzschild coordinates and the geometric units (c =
G = 1) reads [33]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dθ2 + r2 sin2 θdφ2. (1)
The metric coefficients gtt and grr are determined by the function
f(r) = 1 + r2ω
(
1−
√
1 +
4M
ωr3
)
, (2)
where the free parameter ω governs the role of the modified Hořava gravity and
the parameter M gives the gravitational mass, and the dimensional scale of the
solution. Note that although the KS solution of the modified Hořava gravity is a
vacuum solution, it is not a Ricci flat solution - for details see [21]. Its physical
singularity, located at r = 0, has a special character, since the metric coeffi-
cients gtt(r = 0) = grr(r = 0) = 1 are finite there, but their radial derivatives
are divergent - this property implies that particles freely radially falling from in-
finity can reach the physical singularity, if they do not loose energy during their
fall; however, any particle with non-zero angular momentum is repulsed by the
centrifugal repulsive barriere acting in accord with the "antigravity" effect and
cannot reach the physical singularity [67].
Properties of the KS spacetimes, including their geodetical structure, are
governed by the dimensionless parameter ωM2 [67, 64]. If the Hořava parameter
ω, reflecting the role of the quantum effects, is assumed to be fixed, then the
gravitational mass parameter M governs the character of the KS spacetimes.
The horizons of the KS spacetimes are given by the equation
1 + r2ω
(
1−
√
1 +
4M
ωr3
)
= 0 (3)
that implies the loci of the horizon at
r± = M ±
√
M2 − 1
2ω
. (4)
Two horizons of the KS black hole spacetimes exist, if
ωM2 ≥ ωM2h =
1
2
. (5)
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In the case when equality holds, the horizons coincide, giving an extreme black
hole KS spacetime. The KS naked singularity spacetimes occur for
ωM2 < ωM2h (6)
Therefore, considering the parameter ω fixed, the gravitational mass M small
enough guarantees existence of a KS naked singularity. Notice that recent works
on the influence of the dimensionless Hořava parameter in astrophysical systems
[30, 25, 16] put very weak limit
ωM2 > 8× 10−10 (7)
that is very far from the limit corresponding to the KS black hole spacetimes.
2.2 Geodesic equations
The motion of test particles and photons is governed by geodesics of the space-
time. Because of the spacetime symmetries, the geodesic equations can be easily
given in a separated and integrated form. Due to the axial symmetry and sta-
tionarity of the KS spacetimes two constants of motion arise related to the
covariant components of the particle (photon) 4-momentum
Pφ = L, Pt = −E, (8)
that are identified with the axial angular momentum and energy measured by
distant static observers. In spherically symmetric spacetimes, the motion occurs
in the central planes; for a single particle motion, the plane can be chosen to
be the equatorial plane. Considering motion in a general central plane, an
additional motion constant, Q2, can be introduced by the formula
P 2θ +
L2
sin2 θ
= L2 +Q2. (9)
The total angular momentum L of the particle is then given by
L2 = L2 +Q2. (10)
The latitudinal component of test particle 4-momentum is given by the formula
(9) and it takes the form [52][
P θ
]2
=
1
r4
[
Q2 + L2
(
1− 1
sin2 θ
)]
(11)
that holds for both test particles and photons. For the motion in the equatorial
plane (θ = pi/2), there is Q = 0 and L = L.
Using the norm of the 4-momentum −m2 = gµνPµP ν , where m denotes
the rest energy of the particle (m = 0 for photons), the equation for the radial
component of the 4-momentum of test particles and photons can be expressed
in the form
[P r]
2
= E2 − Veff (12)
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Figure 1: The effective potential Vff/ph(r, ω) of the phton motion is given for
three representative values of Hořava parameter: ω = 0.3 < ωph (full light
line), 0.49 (full thick line) and 0.6 > ωh (dashed line). Shaded is the region
that represents the trapped photons in the KS naked singularity spacetime with
ω = 0.1.
where the effective potential is introduced that takes the form
Veff = f(r)
(
m2 +
L2 +Q2
r2
)
. (13)
3 Circular geodesics
We give a short overview of the character of the circular geodesics of the KS
spacetimes. We make comparison of the behavior of circular geodesics as stud-
ied in the KS black hole spacetimes [14, 1] and in the KS naked singularity
spacetimes [67, 64] and extend in some aspects the discussion of their properties
in the naked singularity spacetimes.
3.1 Photon circular geodesics
For motion in the equatorial plane (θ = pi/2) there is q = 0; then the turning
points of the radial photon motion are given by using an appropriate effective
potential related to the impact parameter l of photons
l2 = Veff/ph ≡
r2
f(r)
. (14)
We illustrate the radial profile of the effective potential Veff/ph(r;ω) for repre-
sentative choices of the parameter ω in Figure 1. The photon circular orbits, i.e.,
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their radii rph and their impact parameters lph, can be found from the condition
dVeff/ph
dr
=
2
f(r)2
r − 3M√
1 + 4Mr3ω
 = 0. (15)
The photon circular orbits are located at radii satisfying the cubic equation
[64, 67]
r3 − 9r + 4
ωM2
= 0. (16)
Its solutions exist, if
ωM2 > ωM2ph =
2
3
√
3
. (17)
There are four cases of the occurence of the photon circular orbits, one for the
KS black holes, three for the KS naked singularities.
1. ωM2 ≥ ωM2h- in the black hole spacetimes, only one photon orbit exists
at the radius
rph/i = 2
√
3M cos
(
1
3
cos−1
(
− 2
3
√
3ωM2
)
− 2pi
3
)
(18)
This orbit is always unstable relative to radial perturbations and repre-
sents an inner boundary for existence of circular geodetical orbits.
2. ωM2h > ωM
2 > ωM2ph - in these naked singularity spacetimes, two photon
circular orbits exist - the outer (unstable) one at the radius given by
formula (18) and the inner (stable) one at the radius given by
rph/o = 2
√
3M cos
(
1
3
cos−1
(
− 2
3
√
3ωM2
))
. (19)
Between the stable and unstable circular orbits no circular geodesics are
possible. This stable circular photon orbit is the outer boundary of the
inner region of the circular geodetical orbits in some of these KS naked
singularity spacetimes. Note that there is rph/o(ω) < rph/i(ω).
3. ωM2 = ωM2ph- only one photon circular orbit at the radius rph =
√
3M
remains,
4. ωM2 < ωM2ph- no photon circular orbits exist in such naked singularity
spacetimes.
The corresponding value of the impact parameter l follows from the equation
(15) and reads
l2ph
M2
=
r2
1 + r2ω
(
1−
√
1 + 4Mr3ω
) . (20)
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Figure 2: Impact parameters of photons corresponding to the stable and un-
stable photon circular orbits are given as function of Hořava parameter ω. The
thin line corresponds to the unstable photon orbit at rph/i(ω) and the thick line
corresponds to the stable photon orbits at rph/o(ω).
The impact parameters of the stable and unstable circular photon orbits are
given in Figure 2. For the limiting values of the dimensionless parameter ωM2 =
ωM2h (ωM
2 = ωM2ph), the photon circular orbit is has the radius and impact
parameter rph(h) = 2.37M , lph(h)
.
= 4.69M (rph(c) =
√
3M
.
= 1.73M , lph(c)
.
=
4.40M).
In the KS naked singularity spacetimes with ωM2h > ωM
2 > ωM2ph, allow-
ing existence of the stable and unstable photon circular geodesics, a region of
trapped photon orbits exists in the vicinity of the stable photon circular geodesic
as demonstrated in Figure 1. This situation is analogoues to those discovered in
the field of Kerr naked singularity spacetimes [60]. Such trapped photons can
strongly influence the accretion phenomena, especially in the near-extreme Kerr
naked singularity states [51, 58, 61, 62] and we can expect a similar strong influ-
ence in the KS naked singularity spacetimes too. Of course, in such situations,
only photons with the impact parameter smaller than those corresponding to
the unstable circular geodesic could reach distant observers and give the infor-
mation on the accretion processes in the region of the trapped photons.
In the following, we shall simplify our calculations putting M = 1; then
both the radial coordinate and the Hořava parameter will be dimensionless
(in other words, they are expressed in units of the mass parameter). 1 The
resulting formulae can be easily transformed to expressions containing the mass
parameter M by transformations r → r/M and ω → ωM2.
1Notice that in this case also the time coordinate becomes dimensionless.
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3.2 Keplerian circular orbits
The equatorial circular orbits of test particles are determined by the condition
for the local extrema of the effective potential, dVeffdr = 0, that implies the radial
profile of the specific angular momentum (related to the unit rest mass of the
particle) in the form
L2K(r;ω)
m2
=
r2
rA − 3
[
r3ωA− (1 + r3ω)] (21)
and the specific energy (related to the unit rest mass of the particle) in the form
E2K(r;ω)
m2
=
[
1 + r2ω
(
1−
√
1 +
4
r3ω
)](
1 +
1
rA− 3
[
r3ωA− (1 + r3ω)])
(22)
where we have introduced the function
A(r;ω) =
√
1 +
4
r3ω
. (23)
In the following, we use the simplified notation LK/m→ LK and EK/m→ EK .
The radial profile of the angular frequency of the test particle motion on the
Keplerian (geodesic) circular orbits, ΩK = U
φ
Ut =
f(r)
r2
LK
EK
, then takes the form
ΩK(r;ω) =
√
r3ω[A(r;ω)− 1]− 1
r3A(r;ω)
. (24)
We can now summarize properties of the radial profiles of the specific energy,
specific angular momentum and angular frequency of the Keplerian orbits in
dependence on the parameter ω.
ωms ωmb ωph ωh Schw
E2stat 0.1747 0.1313 0.0835 0 -
E2OSCO 0.8565 1.0002 ∞ - -
E2ISCO 0.8565 0.8674 0.8728 0.8779 0.8889
L2OSCO 10.101 13.6106 ∞ - -
L2ISCO 10.101 10.5908 10.8881 11.2072 12.0
Table 1: The critical values of the energy and angular momentum, E2stat,
E2OSCO, E
2
ISCO, L
2
OSCO, and L
2
ISCO, given for the critical values of the pa-
rameter ω, and for the case of Schwarzchild spacetime.
The divergence of both the specific energy and the specific angular momen-
tum is given by the condition
rA(r;ω) − 3 = 0 (25)
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Figure 3: Regions of the stable and unstable circular geodetical orbits are given
in dependence on the Hořava parameter ω along with the critical radii of the
geodesic motion. The radii of stable and unstable circular orbits rph/o and rph/i
are given by the red curve, the static radius rstat is given by the blue curve, the
radius rΩ/max of the local maximum of the angular velocity is given by the green
curve. Radii of the marginally stable circular orbits rOSCO and rISCO are given
by the black curve. Radii of the circular orbits with EK = 1 are given by the
black dotted line (its right wing determines the marginally bound orbits). Radii
of the black hole horizons rh± are given by the black dashed line. The critical
points C0, C1, C2, C3 are defined in the text. The region of the stable circular
geodesics is dark shaded, while the region of the unstable circular geodesics is
light shaded. The standard MRI viscosity mechanism can be at work in the
region of stability up to the radius rΩ/max where the angular velocity gradient
governing the viscosity vanishes.
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Figure 4: The extremal values of the squared specific angular momentum,
related to the marginally stable orbits and the marginally bound orbits
(L2OSCO(ISCO), L
2
mb) (the upper figure), and the specific energy, related to
the marginally stable orbits and the equilibrium points at the static radius
(E2OSCO(ISCO), E
2
stat) (the lower figure), given as functions of the Hořava pa-
rameter ω. There is L2OSCO →∞ and E2OSCO →∞ as ω → ωph.
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Figure 5: Radial profiles of the specific angular momentum L2K (red), the spe-
cific energy E2K (blue), and the angular velocity Ω
2
K (black) of the Keplerian
(geodetical) circular orbits in the equatorial plane of the typical KS naked sin-
gularity. Each panel is plotted for a particular value of the parameter ω = 0.1,
0.3, 0.35, 0.38, 0.4, and 0.45 (from top left to right bottom). The radial profiles
are finished at the static radius. The dashed part of the radial profiles corre-
spond to the unstable circular geodesics. Only the stable parts of the radial
profiles related to the decreasing parts of the ΩK(r;ω) function of the radius
can be atributed to the Keplerian thermaly radiating discs with the standard
MRI viscosity mechanism of generation of the heat energy.
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that is identical with the condition for the circular photon orbits discussed in
the previous subsection.
The zero points of the radial profiles of the specific angular momentum
(L2K(r;ω) = 0) give the so called static (or "antigravity") radii corresponding to
stable equilibrium points where the particle is at rest relative to distant static
observers. The static radius is given by [67]
rstat(ω) =
1
(2ω)1/3
. (26)
The static radius rstat gives the lower limit for existence of circular orbits of
test particles in the field of KS naked singularity spacetimes. No zero points
of the specific energy radial profile exist, since E2K = f(r, ω)(1 +
L2K
r2 ). At the
static radius, the specific energy of the Keplerian circular orbits approaches its
minimum
EK(r = rstat, ω) ≡ Estat = 1− (2ω)1/3. (27)
There is Estat(ω → 1/2)→ 0, and Estat(ω → 0)→ 1.
Since LK = 0 at the static radius, there is naturally also ΩK(rstat, ω) = 0
in all KS naked singularity spacetimes. This implies that a maximum of the
radial profile of the Keplerian angular velocity has to exist. The condition
dΩK
dr = 0, giving the local extrema of the angular velocity radial profile, implies
the location of the local maximum at
rΩ/max(ω) = (
2
ω
)1/3 = 41/3rstat(ω), (28)
i.e., close to the static radius. The function rΩ/max(ω) terminates at
rΩ/max(ω = ωph) =
√
3 = rph(ω = ωph). (29)
The circular geodetical orbits with zero gradient of the angular velocity exist
only in the KS naked singularity spacetimes with ω < ωph. In the spacetimes
with ωh > ω > ωph, the radius is located in the region forbidden for the circular
geodesics. Then the angular velocity increases with decreasing radius in the
external region of the circular geodesics located above the rph/i, and it decreases
with decreasing radius in the internal region of the circular geodesics, located
between the static radius rstat and the photon stable circular orbit at rph/o -
see [67].
The marginally stable circular orbits have to satisfy simultaneously the con-
ditions
dVeff
dr
= 0 and
d2Veff
dr2
= 0. (30)
The first of these equations implies the radial profile of the specific angular
momentum L2K(r;ω) given by (21). The second one implies the relation
L2ms(r;ω) =
r2
[
2− 4r3ω(2− A(r)) − r6ω2(1−A(r))]
30− 3A(r)r(4 + r3ω) + 12r3ω . (31)
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The marginally stable orbits are then given as solutions of the equation
L2K(r;ω) = L
2
ms(r;ω). (32)
The loci of the marginally stable circular orbits are determined by numerical
calculations. They depend significantly on the value of the parameter ω. There
exists a critical value of the Hořava parameter, ωms, separating spacetimes ad-
mitting two marginally stable radii rISCO and rOSCO, and no marginally stable
radii. The critical value of the Hořava parameter for the stable orbits reads
ωms = 0.281100. (33)
Similarly, we can look for radii of the marginally bound orbits, rmb, i.e., the
unstable circular geodesic orbits having the specific energy EK = 1. They can
be found again by numerical calculations from the condition
Emb ≡ EK(rmb, Lmb) = 1 (34)
that governs both the radius rmb and the angular momentum Lmb of the Kep-
lerian orbit. Note that this condition determines both the unstable outer orbits
with EK = 1 and LK = Lmb and the stable inner orbits with the same energy
EK = 1, but different angular momentum L > Lmb, if they exist. Clearly,
these orbits can exist only in the spacetimes allowing for existence of two sta-
ble circular geodesics for a given angular momentum, i.e. the spacetimes with
ω > ωms. There exists a critical value of the Hořava parameter, ωmb, separating
spacetimes where the marginally bound unstable circular orbits are allowed, and
where it is not possible - in such spacetimes the inner marginally stable orbits
have EOSCO < 1. The critical value of the Hořava parameter for the spacetimes
with marginally bound orbits reads
ωmb = 0.327764. (35)
The marginally stable orbits radii rms (rOSCO, rISCO), and the marginally
bound orbit radii rmb are given as functions of the parameter ω in Figure 3,
along with the radii of the photon circular geodesics rph (rph/o, rph/i), the static
radius, rstat, and the radius where the gradient of the angular velocity of the
circular geodesics vanishes, rΩ/max. The critical points where the curves rph(ω),
rmb(ω) and rms(ω) have the local extremum are given in the following way:
C0 = (rphc, ωph) = (1.7321, 0.3849), (36)
C1 = (rmbc, ωmb) = (2.2818, 0.3278), (37)
C2 = (rmsc, ωms) = (3.5140, 0.2811), (38)
C3 = (rΩmax, ωms) = (1.921, 0.2811). (39)
The point C3 determining the radius rΩ/max(ω) for the critical value ωms is
also included as this radius can be important for the Keplerian disc structure
during the transition accross the critical point in the evolution of a KS naked
singularity due to the accretion of matter.
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We can see that there is always rΩ/max(ω) < rms(ω). For completeness, we
have included also the values of the parameter ω > 1/2 corresponding to the KS
black holes – notice that in this case, there are no circular orbits present under
the inner horizon, in constrast to the situation in the standard general relativistic
Reissner-Nordstrom or Kerr black holes. The points C0 and C2 (or C1) give the
classification of the KS naked singularity spacetimes according to the properties
of circular geodesics governing the Keplerian accretion discs. The points C0, C1
and C2 also determine the maximal extension of the inner Keplerian discs in the
corresponding classes of the KS naked singularity spacetimes. In the KS naked
singularity spacetimes with ω > ωms, the inner Keplerian discs, constituted by
the separated inner parts of the stable circular geodesics, are located at small
distance from the naked singularity at r = 0 and cannot exceed the radius
rmsc = 3.514 determined by the point C2. On the other hand, in the spacetimes
with ω < ωms, we can alternatively consider as the inner Keplerian discs the
parts of the Keplerian disc located under the radius rΩ/max. Extension of such
a disc can be much larger that rmsc - of course, such an inner Keplerian disc
can evolve into a toroidal, geometrically thick disc, if viscosity mechanisms are
not efficient in the region r < rΩ/max.
In Figure 4, we give the values of the specific energy EK(ω) of the marginally
stable orbits, along with the specific energy at the static radius and at the radius
of vanishing angular-velocity gradient that can be relevant for the efficiency of
accretion of matter in the Keplerian discs. We give there also the specific angular
momentum LK(ω) of the marginally stable and marginally bound Keplerian
orbits. Note that the marginally bound circular geodesics are given only by the
the right branch of the function rmb(ω), since the left branch governs the stable
circular geodesics with EK = 1 (see Figure 3). The values of the energy and the
angular momentum for the ISCO and OSCO orbits at the critical values of the
parameter ω are given in Table 1, along with the energy at the static radius.
4 Properties of Keplerian accretion discs in KS
naked singularity spacetimes
The Keplerian discs orbiting the KS black holes were extensively discussed in
the literature – see, e.g., [14, 25, 1]. Therefore, we focus here our attention to the
Keplerian discs in the KS naked singularity spacetimes, using the classification of
these spacetimes according to the properties of the circular geodesics presented
above and in [67, 64]; for each class of the KS naked singularity spacetimes the
astrophysically relevant Keplerian discs can have quite different properties.
In dependence on the (dimensionless) parameter ωM2, we can distinguish
four types of the KS spacetimes. For each class of the KS spacetimes, we give
the typical radial profiles of the specific energy, specific angular momentum, and
angular velocity of the circular geodesics governing behavior of the Keplerian
discs in Figure 5. The corresponding cases of the behavior of the effective
potential governing the Keplerian discs are presented in [67] and will not be
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repeated here.
Note that in all the classes of the KS naked singularity spacetimes a sphere of
particles at stable equilibrium positions can be created at the static radius. Such
a sphere could be a final state of the accreted matter, if dissipative mechanisms
(viscosity, gravitational radiation, etc.) could work at time scales long enough.
The physical singularity at r = 0 can be reached only by particles falling freely
from infinity with angular momentum L = 0 and E ≥ 1. If their specific
energy E < 1, they will oscillate in the potential well, loosing successively
energy because of gravitational (or electromagnetic) radiation and declining to
the equilibrium position at the static radius rstat [67]. Matter falling freely
from infinity with a non-zero angular momentum cannot reach the physical
singularity at r = 0 being reflected by the combined effect of the "antigravity"
and the centrifugal repulsion [67]. If spherical shells radially falling from large
distance (with zero or small angular momentum) collide successively at the deep
gravitational field near KS naked singularities, large amount of energy can be
released in very short time scales [64], and observationally interesting effects
could appear that we plan to study in some future work.
Here, we focus our attention to the accretion processes with large angular
momentum, typical for binary systems with compact objects, when Keplerian
discs governed by the structure of the circular geodesics can be established. We
separate our discussion into four cases, in dependence on the magnitude of the
Hořava dimensionless parameter ω.
4.1 Naked singularities with ω < ωms
The KS naked singularity spacetimes containing no photon circular orbits and
no unstable circular orbits. Only stable circular orbits are allowed for the specific
angular momentum from the interval 0 < L2 < ∞. The radial profiles of the
specific angular momentum, the specific energy, and the angular velocity of the
circular geodetical orbits are given in Figure 5. (The behaviour of the effective
potential can be found in [67].) Since all the circular geodesic orbits are stable,
with energy and angular momentum decreasing with decreasing radius, we can
consider the Keplerian discs in the whole range of rstat < r <∞.
However, a critical point of the Keplerian discs in these KS naked singularity
spacetimes is related to the radius rΩ/max where the angular-velocity gradient
vanishes. At this radius and its vicinity, the standard viscosity mechanism
based on the non-zero gradient of the angular velocity of the accreting matter
ceases its relevance. It can be substituted there by the mechanism based on the
gravitational (or electromagnetic) radiation of the orbitting matter – the cor-
responding looses of energy and angular momentum can transmit the accreting
matter to the region where the viscosity mechanism causing heat production
and thermaly radiating Keplerian discs could continue its work.
As an alternative, we have to consider the Keplerian discs limited by the
condition dΩKdr < 0 (and having the inner edge at the critical radius rΩ/max)
that assumes the Magneto-Rotational Instability (MRI) mechanism [7] related
to this condition to be the only mechanism of generating the viscosity effects that
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enable accretion of matter in the Keplerian discs [67]. If some other viscosity
mechanism related to the oppositely oriented gradient of the angular velocity
(dΩKdr > 0) works, the internal parts of the Keplerian discs can also radiate
giving thus the complete thermaly radiating discs discussed above. 2
4.2 Naked singularities with ωph > ω > ωms
The KS naked singularity spacetimes containing no photon circular orbits, but
two marginally stable circular orbits at rOSCO and rISCO. The dependence of
these radii on the parameter ω is presented in Figure 3. The stable circular
orbits, potentially corresponding to Keplerian discs, are located in the region
rstat < r < rOSCO (the inner Keplerian disc) and rISCO < r < ∞ (the outer
Keplerian disc). For the marginally stable circular orbits, the energy and angular
momentum satisfy the conditions EISCO < EOSCO and LISCO < LOSCO. The
unstable circular geodesics are located at rOSCO < r < rISCO, and their energy
and angular momentum belong to the intervals EISCO < E < EOSCO and
LISCO < L < LOSCO. The radial profiles of the specific angular momentum,
the specific energy and the angular velocity of the circular geodetical orbits
are demonstrated in Figure 5. There exists one stable circular orbit for L2 ∈
[0, L2OSCO) ∪
(
L2ISCO,∞
]
, while for L from the interval L2 ∈ [L2ISCO, L2OSCO],
there are two stable circular orbits and one unstable. The behaviour of the
effective potential can be found in [67].
Since the critical radius rΩ/max < rOSCO, we can conclude that the complete
outer Keplerian disc is quite regular relative to the MRI viscosity mechanism;
the critical point of the vanishing angular-velocity gradient is related to the inner
Keplerian disc only. Therefore, we can conclude that the accretion Keplerian
discs work quite well down to the ISCO circular orbit and the complexities
related to the vanishing of the angular-velocity gradient are relevant only in the
inner Keplerian discs, if such discs will be created. At the ISCO the accreting
matter starts to move freely, with energyEISCO and angular momentum LISCO,
in the deep well of the effective potential, loosing slowly its energy and angular
momentum due to gravitational (or electromagnetic) radiation and declining
successively to the stable equilibrium point at the static radius. We can expect
that matter accumulates under the ISCO orbit radius, forming successively a
perfect-fluid toroidal (or spherical-like) structure above the static radius (or
around the static radius). We can expect that under some properly established
2A different scenario related to the Keplerian discs is possible due to the long time scales
of the gravitational radiation of orbiting matter. In the region where dΩK
dr
∼ 0, matter has
to be accumulated, creating a limited toroidal structure of non-Keplerian character where
pressure gradients will be relevant. If such a toroid represents an inner boundary of the
accreting and efficiently radiating structure, it means that only the MRI viscosity is at work,
while a continuation of the accretion structure by an internal part of the Keplerian thermaly
radiating disc indicates some other efficient viscosity mechanism at work. If such a viscosity
mechanism is not available in the inner part of the Keplerian disc under rΩ/max, the accretion
can continue because of the gravitational radiation, but such Keplerian discs will be cold and
their radiation cannot be of thermal origin. We plan to study the toroidal accretion discs
around KS naked singularities in a future work.
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conditions, such a toroidal structure could evolve to a Keplerian-like structure
with matter in quasi-circular geodesic motion.
In order to create an inner Keplerian disc by the accretion processes, we
have to consider a non-Keplerian, perfect fluid accretion with relevance of the
pressure gradients [36, 65]. Then Keplerian orbits corresponding to the unstable
circular geodesics appear at the inner edge of equilibrium toroidal configurations
of accreting matter, with energy and angular momentum that are larger than
those corresponding to the ISCO enabling thus a successive creation of an inner
Keplerian disc or an inner toroidal perfect fluid accretion structure, as demon-
strated, e.g., in [48, 57, 37]. 3. Another possibility enabling the existence of
inner Keplerian discs is based on creation of matter structures in near-circular
motion due to particle collisions [64] or due to an efficient circularization of
originally strongly elliptical motion of matter infalling from the inner edge of
the outer Keplerian discs.
In the KS naked singularity spacetimes allowing for existence of the unsta-
ble circular geodesics, the marginally bound (unstable) circular geodesics with
specific energy given by the condition Emb = 1 play a crucial role. Such or-
bits can be approached approximately by particles starting at rest at infinity
with specific energy E = 1 and angular momentum L ∼ Lmb and are signifi-
cant in theory of toroidal configurations of perfect fluid orbiting black holes or
naked singularities, giving the upper limit on the existence of marginally stable
toroidal configurations [36, 65, 57, 59]. The marginally bound orbits can exist
only in the KS naked singularity spacetimes having the Hořava parameter
ωh > ω > ωmb. (40)
In the KS spacetimes with ω < ωb no unstable circular orbits with E > 1 exist -
then even particles following unstable circular orbits can remain on a bounded
orbit, if perturbed radially, and the equilibrium toroidal configurations of perfect
fluid cannot extend up to infinity in such spacetimes [36, 65].
In the inner Keplerian disc, the critical point of the vanishing angular velocity
gradient and its relation to the standard MRI viscosity mechanism is relevant,
influencing thus the properties of the disc along the lines discussed in the previ-
ous case of the KS naked singularity spacetimes. The creation of some toroidal
structures can be thus relevant also for this reason. Nevertheless, we can again
assume that under some special conditions an inner Keplerian disc can be cre-
ated at radii rstat < r < rΩ/max that has the specific angular momentum in the
range 0 < L < Lmb and specific energy in the range Estat < E < EΩ/max, being
probably radiatively inefficient, if a viscosity mechanism cannot be at work.
4.3 Naked singularities with ωh > ω > ωph
The KS naked singularity spacetimes containing two photon circular orbits, the
inner stable one at rph/o, the outer unstable one at rph/i > rph/o, and one
3We plan to study the toroidal structures in the KS naked singularity spacetimes in a future
paper. We expect that their behavior will be similar to those discovered for the Reissner-
Nordstrom naked singularity spacetimes [37]
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marginally stable orbit at rISCO > rph/i. The stable circular orbits are located
at rstat < r < rph/o, and at r > rISCO. Unstable circular orbits are located
at rph/i < r < rISCO. At the region rph/o < r < rph/i, no circular geodesics
are allowed. There is no critical point related to the vanishing of the angular-
velocity gradient. The angular velocity increases (decreases) with decreasing
radius at the outer (inner) Keplerian disc. The radial profiles of the specific
angular momentum, the specific energy and the angular velocity of the circular
geodetical orbits are given in Figure 5. The behaviour of the related effective
potential can be found in [67].
In the outer Keplerian disc the viscosity MRI mechanism can work quite well
and we can expect the standard Keplerian thermaly radiating disc in the whole
region above rISCO. In the inner Keplerian disc some other viscosity mechanism
could be working, however, its structure is quite non-standard, as the energy
and angular momentum diverge and change extremely fastly near the stable
photon circular orbit, especially in the case of near-extreme KS naked singularity
spacetimes. Creation of such a Keplerian structure by natural astrophysical
processes seems to be very improbable. Accretion of matter from the edge of
the outer Keplerian disc at the radius rISCO, with energy EISCO and angular
momentum LISCO, implies possibility of creation of the inner Keplerian at the
low energy end near the static radius. Matter following the high-energy end
of the inner Keplerian disc near the photon circular orbit could be created
by particles incoming from infinity due to their high-energy collisions near the
radius of the stable photon circular orbit [64]. However, such possibilities are not
astrophysically realistic, although they are not quite excluded. We can expect
that in the innermost region of near-extreme KS naked singularities a toroidal
accretion disc can occur, or a spherical configuration of mixture of matter and
trapped photons can be created around the stable circular photon orbit, and
the static radius. In the following we shall consider for simplicity only the inner
Keplerian discs limited at the energy level corresponding to the ISCO energy.
4.4 Black holes – ω > ωh
The KS black hole spacetimes have the circular geodesics above the outer hori-
zon only. The inner limit is given by the photon circular orbit rph. The unstable
circular orbits are located between the photon circular orbit and the marginally
stable orbit, rISCO, above which the stable circular orbits are located, similarly
to the case of the Schwarzschild spacetimes. The radial profiles of the specific
angular momentum, the specific energy and the angular velocity of the circular
orbits are given in Figure 5. Of course, the standard Keplerian thermaly radi-
ating disc with the MRI viscosity mechanism extends in whole the region above
the ISCO.
4.5 Efficiency of the Keplerian accretion
The Keplerian-accretion efficiency is given by the energy difference of the initial
and final state of the matter in the disc. Of course, we have to consider a
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reasonable initial state. Usually, it is the rest state at infinity, with energy
E = 1. This condition is relevant for the outer Keplerian discs around KS
naked singularities. In the case of the inner Keplerian discs the situation is
more complex and depends on the value of the Hořava parameter of the KS
spacetime. In realistic astrophysical situations, the initial state in the inner
disc has to be related somehow to the final state of the accretion in the outer
Keplerian or toroidal accretion disc. Therefore, for the Keplerian discs in the
KS spacetimes with ω > ωms, it cannot be higher than EISCO, while for the
toroidal perfect fluid configurations in cannot exceed E = 1 if ω > ωmb, and
EOSCO if ω < ωmb. The final state is given by EISCO in the outer Keplerian
discs, and by Estat in the inner Keplerian discs.
For ω > ωms, the efficiency of the outer Keplerian discs is given by the
formula
ηo(ω) = 1− EISCO(ω), (41)
while for the inner Keplerian discs it is limited from above by
ηi(ω) = EISCO(ω)− Estat(ω), (42)
if inflow from the outer Keplerian discs is considered only. Higher values are
allowed, if the initial state of the inner accretion is related to toroidal configu-
rations, when the efficiency can go up to
ηi(ω) = 1− Estat(ω) = (2ω)1/3. (43)
In the case of Keplerian discs in the spacetimes with stable photon circular
orbits, when energy of matter in the inner Keplerian discs can grow without
limit, we have to input somehow (e.g. by the collisional processes) this energy
into the disc – therefore, it cannot increase the efficiency of the accretion process
relative to the distant observers.
In the KS naked singularity spacetimes allowing existence of stable circular
orbits only (with ω < ωms), the efficiency of the complete Keplerian accretion
is again given by
η(ω) = 1− Estat(ω). (44)
However, if we restrict attention to the astrophysically realistic case of the Ke-
plerian discs with the MRI driven viscosity mechanism, the accretion efficiency
is given by
ηo(ω) = 1− EΩ/max(ω). (45)
The Keplerian accretion efficiency is for all the considered cases illustrated
in Figure 6. We can see that the efficiency of the Keplerian thermaly radiating
accretion discs related to the MRI viscosity mechanism (at the outer Keplerian
discs corresponding to the region of stable circular geodesics with the angular
velocity decreasing with increasing radius) demonstrates quite interesting be-
havior. We observe a sharp discontinuity of the efficiency when evolution of the
KS naked singularity due to the accreted matter causes crossing of the critical
parameter ω = ωms. Then the efficiency jumps from the value of ηo ∼ 0.25 down
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to ηo ∼ 0.072 that is close to the efficiency of the accretion onto a Schwarzschild
black hole ηSchw ∼ 0.0587. 4 The inner edge of the Keplerian disc then jumps
from the radius rin = rΩ/max(ωms) ∼ 2.1 up to rin = rms(ωms) ∼ 3.5. Such a
dramatic change of the disc extension and the accretion efficiency should have
a clear observational consequences that will be discussed in a future paper since
a more detailed study of the innermost parts of the disc before the transition
should take into account toroidal structures that probably will be developed in
the innermost regions of the Keplerian discs, and some other physical phenom-
ena.
If we consider, under assumption of existence of a hypothetical viscosity
mechanism working also in the region where the circular geodesics have the
angular velocity increasing with increasing radius, complete Keplerian discs ex-
tending down to the static radius, the accretion efficiency can grow up substan-
tially, going up to the value of η = 1 when ω → 1/2. Notice that in this limit
the KS naked singularity evolution stops because E = L = 0, and no energy
or angular momentum are added to the KS naked singularity background being
radiated during the accretion process.
5 Optical phenomena and the appearance of Ke-
plerian discs
We study the optical phenomena occuring in all three classes of the KS naked
singularity spacetimes; in the KS black hole spacetimes, the optical phenom-
ena were discussed in [25, 6] and will not be repeated here. We present in this
section the optical appearance of the Keplerian accretion discs reflecting both
their shape distortions due to the gravitational lensing, and the frequency shift
due to the gravitational and Doppler effects. In order to visualize clearly the
combined gravitational and Doppler shifts, we assume the Keplerian discs ra-
diating locally at a fixed frequency (corresponding, e.g., to a Fe X-ray line).
In the following section, we construct the spectral continuum of the standard
thermaly radiating Keplerian discs with the thermal radiation profile given by
the Page-Thorne model [43]. Finally, we construct profile of the spectral lines
(usually the fluorescent spectral Fe lines are assumed) generated in the inner-
most regions of the Keplerian discs. The disc appearance can be relevant for
sources close enough that could enable a detailed study of the innermost parts
of the accretion structures, as can be expected in near future for the Sgr A*
source [15]. Of course, the spectral continuum and the profiled spectral lines
are relevant also for much more distant sources.
We shall demonstrate the appearance of the Keplerian discs for small, me-
diate, and large inclination angle of the discs relative to the distant observers.
We shall construct first the appearance of the Keplerian discs related to the
MRI viscosity mechanism. Therefore, in the KS naked singularity spacetimes
4The maximal accretion efficiency of the Keplerian discs with the MRI governed viscosity
mechanism, ηomax ∼ 0.275, is obtained for the Hořava parameter ω ∼ 0.2.
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Figure 6: Efficiency of the Keplerian acretion in dependence on the Hořava
parameter ω. The efficiency is determined for the astrophysically relevant, ther-
maly radiating outer Keplerian discs where the standard MRI viscosity mecha-
nism works (thick lines). The efficiency is also given for the complete theoretical
model related to the final state of the accretion determined by the static radius
where the accretion motion is stopped (light curves), or for the inner Keplerian
disc assuming its initial state at the energy corresponding to the final state of
the accretion in the outer thermaly radiating disc. The maximum of the accre-
tion efficiency 1−EΩmax is at (ω, η) = (0.2099, 0.2767). At the transition point,
the efficiencies read 1− EΩmax|ωms = 0.2379 and 1− EISCO|ωms = 0.0735.
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with ω > ωms, we restrict our attention to the outer Keplerian discs located at
r > rISCO, while in the spacetimes with ω < ωms, we shall consider the part of
the Keplerian discs at r > rΩ/max. Alternatively, we add also some inner parts
of the Keplerian discs. For the KS naked singularity spacetimes with ω > ωms,
we add only the part of the inner Keplerian discs having the outer edge given by
the energy E = EISCO and extending down to the static radius, in order to keep
some connection to the accretion from the outer Keplerian discs; more complex
studies are planned in future papers. For the KS spacetimes with ω < ωms,
we consider the complete Keplerian discs extending down to the static radius.
Note that in the alternative cases, we obtain a special internal accretion disc
structure, because in the inner edge (and its vicinity) of the inner Keplerian
discs the frequency shift will not be dependent on the azimuthal angle as the
Doppler shift becomes irrelevant at the static radius.
We apply the same alternatives also when constructing the spectral contin-
uum and the profiled spectral lines generated by the Keplerian discs.
5.1 Photon motion
The radial component of the photon 4-momentum reads
[P r]
2
= E2 − f(r)
(
L2 +Q2
r2
)
. (46)
The trajectories of photons are independent of energy, therefore, it is convenient
to relate the effective potential of photons relative to the impact parameters
l =
L
E
, q =
q
E
(47)
For general, non-equatorial photon motion, it is convenient to use the coordi-
nates
u =
1
r
,m = cos θ (48)
and to reparameterize the radial motion equation by Ew → w, using simulta-
neously also the constants of motion in the form of impact parameters l = L/E
and q2 = Q2/E2. Equations (46) and (11) then transfrom into
du
dw
= ±u2
√
1− f˜(u) (l2 + q2)u2 (49)
where
f˜(u) = f(1/u) (50)
and
dm
dw
= ±u2
√
q2 − (l2 + q2)m2 (51)
that can be properly integrated when photons radiated by Keplerian discs are
considered [47, 49, 60].
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5.2 Frequency shift
The frequency shift of radiation emitted by a point source moving along a circu-
lar orbit in the equatorial plane is given in the standart manner. The frequency
shift g between the emitter (e) and observer (o) is defined by the formula
g =
kµU
µ|o
kµUµ|e . (52)
In case of circular orbits, the emitter four-velocity components are
Uµ =
[
U t, 0, 0, Uφ
]
. (53)
For the static observers at infinity, the frequency shift formula g then reads
g =
1
U te(1− lΩ)
, (54)
where l is the impact parameter of the photon, and Ω is the angular velocity of
the emitter (the behavior of the frequency shift is illustrated in Figure 7). The
temporal component of the emitter four-velocity one obtains from the norm of
the four-velocity:
1
[U te]
2
= f(r)− r2eΩ2 = 1 + r2eω
[
1−
√
1 +
4
r3eω
]
− r2eΩ2. (55)
In our study, the angular velocity of the emitter is given by the Keplerian angular
velocity, Ω = ΩK , determined by equation (24).
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Figure 7: The frequency shift g is given as function of the radial coordinate r
for fixed representative value of ω = 0.1 and some characteristic values of the
impact parameter l.
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5.2.1 Appearance of Keplerian discs
We give the appearance of the Keplerian discs for all the three relevant classes
of the KS naked singularity spacetimes. Modifications of the shape of the discs
are caused by the gravitational lensing effect, while the frequency shift is caused
by the combined effect of the gravitational redshift and the Doppler shift. We
assume for simplicity that the disc is radiating with a fixed frequency along
whole active area that is considered to be restricted to the outer Keplerian disc,
i.e., to the region between the rISCO and r = 20M in the case of KS naked
singularity spacetimes with ω > ωms, and to the region between rΩ/max and
r = 20M in the case of the KS spacetimes with ω < ωms. Therefore, we give first
the appearance of the Keplerian discs governed by the condition dΩKdr < 0 that
assumes the MRI mechanism as the only mechanism of generating the viscosity
effects enabling accretion in the Keplerian discs. We give the disc appearance in
dependence on the inclination angle relative to the observer, for small (Figure
8), mediate (Figure 9) and large (Figure 10) inclination angles, for typical values
of the parameter ω. For all the inclination angles we present for comparison also
the appearance of the Keplerian disc orbiting a KS black hole (ω > 1/2).
Alternatively, we construct for the KS naked singularity spacetimes with
ω > ωms the models of the disc appearance including also the inner part of the
Keplerian disc located between rstat and rE=EISCO for the chosen inclination
angles (Figure 11). For the KS naked singularity spacetimes with ω = 0.1 < ωms
we construct alternatively in Figure 12 the appearance of the Keplerian discs
including their inner part, i.e., the complete Keplerian discs extending between
the static radius rstat and r = 20M . For comparison, we give in Figure 13 the
appearance of the complete Keplerian disc and the outer Keplelrian disc in the
KS spacetime with the parameter ω = 0.2, when the accretion efficiency of the
outer Keplerian disc is close to the maximal value related to the standard Ke-
plerian discs governed by the MRI viscosity mechanism. In the alternate cases,
we assume a different viscosity mechanism, related to the opposite gradient of
the angular velocity (dΩKdr > 0), at work (it is not clear, if the MRI viscosity can
occur also in such situations), implying that the inner parts of the Keplerian
discs can also efficiently radiate giving thus completely radiating discs, since
with decreasing radius of the orbiting matter both its angular momentum and
energy decrease. However, such an assumption is not necessary, as we consider
discs radiating with (locally) fixed frequency corresponding to some spectral
line that could be induced by irradiation of the disc – then an efficient viscosity
is not necessary in the Keplerian disc.
In all the constructed images of the Keplerian discs we give the map of the
relative frequency shift
g∗ = g − gmin
gmax − gmin (56)
that is related to the range (gmax−gmin) reflecting the extension of the frequency
shift in all the considered cases of the modelled appearance of the discs. Note
that the frequency range, if observed, could serve as a strong tool for determining
the naked singularity spacetime parameters, as demonstrated in the case of the
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Kerr naked singularities [60]. The disc appearance is constructed in the observer
detection plane, using the coordinates α, β defined in [10, 49].
Figure 8: Appearance of the outer Keplerian discs (where the MRI viscosity
mechanism can work). The images are generated for the observer inclination
angle θ0 = 30◦, and for four representative values of the KS spacetimes ω = 0.6,
0.45, 0.3, and 0.1 (from left top to right bottom). The value of ω = 0.6 gives
a KS black hole spacetime, while the other values of ω correspond to the KS
naked singularity spacetimes. The inner edge of the disc corresponds to rISCO
for the spacetimes with ω = 0.3, 0.45, 0.6, and to rΩ/max for the spacetime
with ω = 0.1. The outer edge of the disc is located at r = 20M in all the
cases. The frequency shift is expressed by g∗ = (g−gmin)/(gmax−gmin), where
gmin (gmax) is the minimal (maximal) frequency shift from all four models with
θ0 = 30
◦. The Keplerian discs are assumed to be rotating anticlockwise.
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Figure 9: Appearance of the outer Keplerian discs. The images are generated
for observer inclination angle θ0 = 60◦, and for the four representative values
of ω = 0.6, 0.45, 0.3, and 0.1 (from left top to right bottom). The inner edge
of the disc is at rISCO for ω = 0.3, 0.45, 0.6, and at rΩmax for ω = 0.1.
The outer edge of the disk at r = 20M. The frequency shift is given by g∗ =
(g−gmin)/(gmax−gmin), where gmin (gmax) is the minimal (maximal) frequency
shift from all four models with θ0 = 60◦.
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Figure 10: Appearance of the outer Keplerian discs. The images are generated
for observer inclination angle θ0 = 85◦, and for the four representative values of
ω = 0.6, 0.45, 0.3, 0.1 (from left top to right bottom). The inner edge of the disc
is at rISCO for ω = 0.3, 0.45, 0.6, and at rΩmax for ω = 0.1. The outer edge of the
disk at r = 20M. The frequency shift is given by g∗ = (g−gmin)/(gmax−gmin),
where gmin (gmax) is the minimal (maximal) frequency shift from all four models
with θ0 = 85◦.
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Figure 11: Appearance of the inner and outer Keplerian discs in the field of
KS naked singularities. The images of the discs are generated generated for the
three representative values of the distant observer inclination θ0 = 30◦ (top),
60◦(middle), 85◦ (bottom), and for two representative values of the Hořava
parameter ω = 0.45 (left), 0.3 (right). The inner disc: the inner edge corre-
sponds to rstat, and the outer edge is located at the radius where the energy
of the circular Keplerian orbit is the same as energy of marginally stable orbit
of the outer disc (EISCO). The outer disc: the inner edge is at rISCO and the
outer edge of the disc is set to r = 20M. The frequency shift is expressed by
g∗ = (g − gmin)/(gmax − gmin), where gmin (gmax) is the minimal (maximal)
frequency shift taken from all images with θo kept fixed.
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Figure 12: Appearance of the complete Keplerian disc compared to the appear-
ance of the outer Keplerian disc. The images are generated for the three rep-
resentative values of the observer inclination angle θ0 = 30◦ (top), 60◦(middle)
and 85◦ (bottom), and for the Hořava parameter ω = 0.1. The inner edge of the
Keplerian disc corresponds to rstat = rstat(ω) for the complete disc (left image),
and to rΩmax = rΩmax(ω) = (2/ω)1/3 for the outer disc (right image). The
outer edge of the disc is located at rout = 20M . The frequency shift is given by
g∗ = (g − gmin)/(gmax − gmin), where gmin (gmax) is the minimal (maximal)
frequency shift from all images with θ0 kept fixed.30
Figure 13: Appearance of the complete Keplerian disc compared to the appear-
ance of the outer Keplerian disc. The images are given for the three represen-
tative values of the observer inclination angle θ0 = 30◦ (top), 60◦ (middle) and
85◦ (bottom), and for the parameter ω = 0.2 when the accretion efficiency of
the outer disc reaches maximum. The inner edge of the complete dics is at
rstat = rstat(ω) (left image) and at rΩmax = rΩmax(ω) = (2/ω)1/3 for the outer
disc (right image). The outer edge of the disc is at rout = 20M . The frequency
shift given by g∗ = (g− gmin)/(gmax− gmin), where gmin (gmax) is the minimal
(maximal) frequency shift from all images with θ0 kept fixed.
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6 Spectral continuum of thermaly radiating Ke-
plerian discs
We assume the Planck spectrum of the thermaly radiating Keplerian disc, given
by the standard Novikov-Thorne, or more precisely Page-Thorne model [42, 43].
In this model the Keplerian disc is assumed to be in a thermal equilibrium, i.e.,
the energy generated locally at a given radius by friction (viscosity processes)
is thermalized and effectively radiated at the given radius.
We let the Keplerian disc to have the particular temperature radial profile
T (r) given by the Page-Thorne model, and the locally emitted spectrum to be
Planckian, i.e., given by the relation
Ie = B(νe, T ) =
2ν3e
exp [νe/T ]− 1 . (57)
1 2 5 10 20 50 100
1.0
10.0
5.0
2.0
20.0
3.0
1.5
15.0
7.0
r
T@
10
-
2 D
Figure 14: Temperature profile of the outer Keplerian discs thermalized by an ef-
ficient viscosity mechanism are constructed for the KS spacetimes with four rep-
resentative values of Hořava parameter ω = 0.1 (gray, thick), 0.3 (black,dotted),
0.45 (black, dashed), and 0.6 (black). In the case of the KS naked singularity
spacetime with ω = 1, the complete Keplerian disc is considered assuming an ef-
ficient viscosity mechanism and thermalization of the disc also under the critical
radius where the angular velocity and temperature vanish.
We express both the frequency and the temperature in energy units. The
radial profile of the effective temperature of the Keplerian accretion disc is
governed by the standard Stefan-Boltzman flux formula
F (r) = σT 4(r) (58)
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where σ is the Stefan-Bolzmann constant; the radiation-flux radial profile of the
thermaly (as a black body) radiating, and properly averaged, standard Keplerian
disc with inner edge located at the innermost stable circular geodesic is given
by the standard formula related to the energy, angular momentum and angular
velocity radial profiles of the geodesic circular motion, expressed by the Page-
Thorne model [43]
F (r) = − M˙0
4pi
√−g
ΩK ,r
(EK − ΩKLK)2
∫ r
rISCO
(EK − ΩKLK)LK ,r dr. (59)
The term M˙0 denotes the accretion flow of the rest mass in the Keplerian disc
that is considered to be a constant. There are some restrictions on the allowed
values of the rest mass accretion flow in the thermalized Keplerian discs that
are discussed, e.g., in [?] - here we simply assume this constraint to be fulfilled,
not going into details that have to be related to concrete observed objects. We
normalize our results to the accretion flow. Further, the radiation flux is scaled
by the KS spacetime mass parameter as 1/M2, while the disc temperature is
scaled as 1/
√
M [43].
If we consider in the case of the KS naked singularities the whole Keplerian
disc to be radiating, we have to use the relation
F (r) =
M˙0
4pi
√−g
|ΩK ,r |
(EK − ΩKLK)2
∫ r
redge
(EK − ΩKLK)LK ,r dr, (60)
where rin denotes the edge of the radiating Keplerian disc under consideration.
Therefore, we can assume redge corresponding to the static radius rstat, or cor-
responding to rΩ/max, if we assume only the MRI induced viscosity requiring
dΩK
dr < 0 [7]
The observed spectral continuum is given by the redshifted black body spec-
trum integrated accross the radiating Keplerian disc. The luminosity L given
in dependence on the observed frequency ν is determined by the formula
L(ν) =
8
pic2
cosθ0
∫ ro
ri
∫ 2pi
0
ν3erdrdφ
exp [νe/T ]− 1 (61)
where ri (ro) determines the inner (outer) edge of the radiating Keplerian disc,
θ0 denotes the inclination angle of the disc relative to the distant observer,
and the emitted frequency is related to the observed frequency by the redshift
formula [41, 9, 53]
νe
ν
=
1 + ΩKr sinφ sin δ√
f(r) − Ω2Kr2
. (62)
At a given radius r = re, the temperature is determined by the radial profile
T (r), and the redshift formula is expressed for all photons reaching directly
a distant observer fixed by the inclination angle θ0 and the azimuthal angle
φo = 0. The angle φ determines position of the emitter along the circle with
radius re.
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Mixing the relations for the radiation flow F (r) and the disc temperature, the
radial profile of the temperature of the Keplerian discs T (r) can be determined
- the temperature profiles are calculated and illustrated in Figure 14 for the
outer Keplerian discs in the KS naked singularity spacetimes with the parameter
ω > ωms and a black hole spacetime with ω > 1/2, while the temperature
profile of the complete Keplerian disc is presented for the KS naked singularity
spacetime with ω < ωms. (The temperature profiles are normalized to the
expression containing the mass accretion term M˙0
4pi
√−g ; the same normalization
is applied also in the figures giving the radiation-flux radial profiles and the
spectral continuum.) The temperature profiles of the outer Keplerian discs in
the KS naked singularity and black hole spacetimes with ω > ωms vanish at the
inner edge of the discs located at ISCO. In the KS spacetimes with ω < ωms, the
temperature profile of the complete Keplerian disc vanishes at the inner edge of
the complete disc, the static radius, and at the r = rΩ/max where the angular
velocity gradient vanishes, giving thus a clear qualitative signature of the naked
singularity spacetimes.
In order to have an overview of the situation related to the completely ther-
malized Keplerian discs, we give the radial profiles of the radiation flux of both
the inner and outer Keplerian discs in the KS naked singularity spacetimes with
ω > ωms in Figure 15, assuming that also in the whole inner Keplerian discs
an efficient viscosity mechanism works (although such an assumption is not
realistic). For thermaly radiating complete Keplerian discs around KS naked
singularity spacetimes with ω < ωms, the radiation flux is demonstrated in
Figure 16.
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Figure 15: Radial profiles of the radiative flux from the thermalized Keplerian
accretion disc orbiting the KS naked singularity spacetimes with parameter
ω > ωms. In the left columnn, the profile is given for the inner Keplerian discs,
in the right column, for the outer Keplerian discs. The upper row corresponds
to the spacetimes with ω > ωph where the angular-velocity gradient is non-
zero accross both the inner and outer discs. The two lower rows correspond to
the spacetimes with ωph > ω > ωms where the angular-velocity gradient, and
the radiation flux, vanish in the inner disc separating thus such discs in two,
inner and outer, parts. Notice that for a fixed accretion flow the radiation flux
from the inner discs exceeds by several orders the radiation flux from the outer
discs, indicating necessity of an unrealistically efficient viscosity mechanism in
the inner discs.
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The spectral continuum, i.e., the νL(ν) dependence, is constructed for the
outer Keplerian discs orbiting and thermaly radiating in the field of KS naked
singularity (and black hole) spacetimes with characteristic values of the Hořava
parameter ω. We assume that the outer Keplerian discs extend between the
ISCO (or the critical radius rΩ/max) and infinity; the resulting spectra are pre-
sented for the small, middle and large inclination angles in Figure 17. For the
KS naked singularity spacetime with ω = 0.1 < ωms, where the region of stable
circular orbits extends from infinity down to the static radius, the spectral con-
tinuum has been constructed in two alternatives in Figure 18. In the first one,
the spectral continuum is calculated for the outer disc with the inner edge at
rΩ/max where the model of the MRI viscosity has its limit. In the second version,
we added also the radiation from the region between rstat and rΩ/max assuming
a different mechanism for the viscosity and thermalization of the Keplerian disc.
Finally, we compare for the three typical inclination angles relative to the
distant observers the spectral distribution of the radiation flux (F (νo)) for the
thermaly radiating outer Keplerian discs and complete Keplerian discs in the
KS naked singularity spacetimes with ω < ωms in Figure 19, and of the outer
Keplerian disc and the outer plus inner Keplerian discs in the KS naked singu-
larity spacetime with ωms < ω < ωph in Figure 20. For the KS naked singularity
spacetimes with ωms < ω < ωph, the inner Keplerian disc in the region between
the static radius and the OSCO orbit has been limited in its extension to the
radius corresponding to the energy EISCO, at its outer edge. We thus relate the
extension of the inner disc to matter inflowing from the outer Keplerian discs.
The thermalized inner Keplerian discs are not considered here for the KS
naked singularity spacetimes with ωh > ω > ωph – existence of the thermalized
inner Keplerian discs is astrophysically highly improbable in such spacetimes
because of the existence of trapped photons in the region where the inner Kep-
lerian discs have to be located, similarly to the case of the Kerr naked singularity
spacetimes [60, ?]. We can expect that instead of the inner Keplerian discs, some
inner toroidal or spherical accretion structures will evolve mixing the accreting
matter and the trapped photons. We plan to study such structures in future.
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Figure 16: Radial profiles of the radiative flux from the thermalized complete
Keplerian accretion discs orbiting the KS naked singularity spacetimes with
parameter ω < ωms are given for two characteristic values of the parameter
ω = 0.1, 0.2. The complete Keplerian disc is separated into the inner and the
outer part by the radius where the angular-velocity gradient, and the radiative
flux, vanish. Notice that for a fixed accretion flow the radiation flux from the
inner discs exceeds again the radiation flow from the outer part of the discs, but
not by many orders as in the inner discs orbiting KS naked singularities with
ω > ωms.
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Figure 17: The emission spectral continuum νL(ν), constructed for the outer
(thermalized) Keplerian discs viewed under three representative values of the
observer inclination angle (30◦, 60◦, 85◦, top to bottom) in the KS naked singu-
larity and black hole spacetimes with four characteristic values of the Hořava
parameter ω = 0.1 (gray), 0.3 (black, dotted), 0.45 (black, dashed), and 0.6
(black). 38
7 Profiled spectral lines
We calculate the profile of a spectral (fluorescent) line, e.g., some of the Fe lines,
generated by the general relativistic effects – the strong gravity focusing, the
Doppler and gravitational frequency shift. We assume that the profiled spectral
line is emitted from the innermost parts of the Keplerian disc due to some
external irradiation that excites the fluorescent line radiation. For simplicity,
we consider only the directly radiated photons that do not cross the equatorial
plane where the radiating Keplerian disc is located.
The observed flux is determined by Fo =
∫
IodΠ where Io is the observed
intensity of the radiation flux and dΠ is the solid angle intended by the source
on the observer sky. Since the emitted (e) and observed (o) radiation intensities
are related by the Liouville theorem Ioν3o =
Ie
ν3e
= const, the observed flux can be
given as Fo =
∫
Ieg
3dΠ. For an observer at the distance do from the source, the
solid angle is expressed in terms of the coordinates α and β on the observer plane
by dΠ = 1d2o dαdβ. The coordinates α and β can be then expressed in terms of
the motion constants λ and q or in terms of the radius re of the orbiting matter
and the redshift factor g = νo/νe of the related photons. The corresponding
Jacobian of the transformation (α, β)→ (r, g) then implies [50]
dΠ =
q
d2o sin θo
√
q − λ2 cot2 θo
∣∣∣∣∂re∂λ ∂g∂q − ∂re∂q ∂g∂λ
∣∣∣∣−1 dgdre. (63)
In our simulations, we calculate the specific radiation flux taken by an ob-
server at large distance from the disc using the formula
Fν0 =
∑
g
∑
re
g3Ie(νe, re)∆Π. (64)
The arriving photons are binned according to the particular frequency shift
which is used to find the frequency of emitted photon νe = νo/g for a particular
observed frequency. We assume monochromatic emission; the emitter radiates
locally at a narrow range of frequencies around ν0 with a narrow Gaussian shape
of the local emission line. The amount of the emitted energy depends also on
the radial extension of the radiating part of the Keplerian discs. The emissivity
function is assumed in the form
Ie(νe, re) = Ie0 exp[−K(ν − ν0)2]r−p (65)
where parameter p governs the power law determining the decrease of emissiv-
ity with increasing radius in the Keplerian disc. The profiled spectral line is
constructed according to an actual form of the radiation intensity function Ie of
the radiating disc, namely, the polynomial radial dependence is assumed with
factor p = −2.
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Figure 18: The emission spectral continuum νL(ν) of the outer and the complete
thermalized Keplerian discs orbiting a KS naked singularity with the parameter
ω = 0.1, constructed for the three representative values of the observer incli-
nation angle (top to bottom). The solid (dashed) line represents the spectral
continuum generated in the Keplerian disc which spans from rin = rstat(ω)
(rin = rΩmax(ω) = (2/ω)1/3). 40
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Figure 19: Spectral distribution of the radiative flux F (ν) from the complete
and the outer Keplerian discs orbiting a KS naked singularity characterized
by the dimensionless parameter ω = 0.1. The Keplerian disc spans down to
rstat (dashed line - complete disc), or to rΩmax (solid line - outer disc). The
spectral distribution is given for the three representative values of the observer
inclination angle, θ0 = 30◦ (top), 60◦ (middle) and 85◦ (bottom).
We first give the profiled spectral lines for the outer Keplerian discs orbiting
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the KS naked singularity spacetimes with the three characteristic values of the
parameter ω = 0.45, 0.3, 0.1, and compare them to those constructed for the
KS black hole spacetime with ω = 0.6, and the Schwarzschild spacetime (ω =
∞) in Figure 21. The profiled spectral lines are constructed for three typical
inclination angles to the distant observer θ0 = 30◦, 60◦, 85◦; we restrict the
monochromatically radiating part of the outer Keplerian discs by the outer
radius r = 20 in all the considered cases, while the inner edge of the outer
Keplerian disc is located at the ISCO in the spacetimes with ω > ωms, or at the
radius of vanishing of the angular velocity gradient rΩ/max in the case of the
spacetimes with ω < ωms. In such a way, we give first the profiled lines generated
in the Keplerian discs governed by the condition dΩKdr < 0 corresponding to the
standard MRI viscosity mechanism.
Alternatively, we construct the (fluorescent) profiled spectral lines generated
in addition to the outer Keplerian disc in the inner Keplerian disc at the region
between rstat and rE=EISCO that we can assume in the KS naked singularity
spacetimes with 1/2 > ω > ωms (Figure 22), and we add to the profiled spec-
tral lines the contribution from the inner part of the Keplerian discs extending
between the static radius rstat and rΩ/max in the KS spacetimes with ω < ωms
(Figure 23). In the modelling of the fluorescent profiled spectral lines from the
inner Keplerian discs in the KS naked singularity spacetimes, it is irrelevant to
consider a viscosity mechanism related to the gradient of the angular velocity
(dΩKdr > 0) in the inner discs, opposite to the angular velocity gradient in the
outer disc that is related to the MRI viscosity mechanism, since the fluorescent
spectral lines are generated by external irradiation of the orbiting matter. The
fluorescent lines are not related to the viscosity mechanisms generating heat
that can be radiated away, as in the case of the spectral continuum; it is quite
enough to have a Keplerian disc governed by the radiatively inefficient processes,
as gravitational radiation of the orbiting matter.
Finally, we also test the role of the position of the outer edge of the inner
Keplerian disc in modelling the profiled spectral lines, comparing the cases when
the outer edge is at the radius corresponding to the energy E = 1, to the
cases when the outer edge of the inner Keplerian disc is located at the radius
corresponding to the energy E = EISCO (Figure 24).
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Figure 20: Spectral distribution of the radiative flux L(ν) from the sole outer
Keplerian disc and the combined inner and outer Keplerian discs orbiting a KS
naked singularity characterized by the dimensionless parameter ω = 0.282 >
ωms. The dashed line corresponds to the radiation of the outer disc spanning
between rISCO and r = 20. The full line corresponds to the radiation from the
outer and inner discs - we assume that the inner disc spanning is between rstat
and rK = rK(EISCO), and the outer disc is spanning between rISCO and r = 20.
The three representative values of the observer inclination angle, θ0 = 30◦ (top),
60◦ (middle) and 85◦ (bottom), are considered.
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8 Discussion
We have demonstrated that all the optical phenomena related to the Keplerian
discs considered in the present paper are strongly dependent on the parameter ω
of the KS naked singularity spacetimes and on the inclination angle of the discs
relative to the distant observers. We can see that generally the ω-dependence of
the optical effects is demonstrated most profoundly for Keplerian discs viewed
under large inclination angles as expected intuitively because of the strongest
influence of the Doppler shift for large inclination angles. However, the optical
phenomena give clear signatures of the naked singularity spacetimes for any
inclination angle because of the inner Keplerian discs (or more complex inter-
nal structures) occuring in the innermost regions of the KS naked singularity
spacetimes. 5
We discuss separately properties of the three optical phenomena studied in
our work for the Keplerian discs.
8.1 Appearance of the Keplerian discs
The phenomena related to the appearance of Keplerian discs can be observable
for KS naked singularities located to the observer close enough in order to en-
able observations of the innermost parts of the Keplerian discs. The optical
signatures of KS naked singularities can be relevant even for the outer Keple-
rian discs where the standard viscosity mechanism works -see Figs 8-10. The
characteristics are of quantitative character in this case, the signature is given
by the range of the frequency shift. The range decreases with the inclination
angle decreasing due to the suppression of the role of the Doppler shift. Both
the maximal and minimal frequency shift depend on the inclination angle.
For small angles (Fig.8 for θ = 30◦) the extremal shifts depend only slightly
on the parameter ω. The maximum of the shift is largest for the black hole and
naked singularity spacetimes with large ω and slowly decrease with decreasing
ω, while the minimum of the shift decreases for ω decreasing from the large
values reaching a minimal value for a mediate value of the parameter ω and
increases for decreasing small values of ω.
For mediate angles (Fig.9 for θ = 60◦) the extremal shifts depend more
steeply on the parameter ω in comparison with small inclination angles. The
maximum is largest for the black hole spacetimes and slowly decreases for the
naked singularity spacetimes with decreasing ω, while the minimum decreases
for ω decreasing from the large values and increases from a mediate value of ω.
For large angles (Fig.10 for θ = 85◦) the extremal shifts depend more steeply
on the parameter ω in comparison with mediate inclination angles. Now, the
maximum is largest for the naked singularity spacetimes with a mediate value of
5It should be stresses that some strong, qualitative phenomena related to the innermost
accretion structures could be expected also in some other spherically symmetric naked sin-
gularity spacetimes due to the specific character of their spacetime structure allowing for
existence of stable photon orbits and the existence of the inner Keplerian discs – these can
occur, e.g., in the spacetimes of the Reissner-Nordstrom type [56, 35, 55, ?].
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ω and exceeds those of the black hole spacetimes. The maximum decreases more
steeply for the naked singularity spacetimes with small ω. The minimum again
decreases for ω decreasing from the large values and increases from a mediate
value of ω, being largest for the black hole spacetimes.
The inner Keplerian discs, if they exist, bring clear qualitative signatures of
the presence of the naked singularities since no such structures can appear in
the field of KS black holes, or standard black holes – see Figs 11-13. The related
quantitative features of their appearance, namely the frequency shift range, give
the possibility to restrict the Hořava parameter ω of the KS naked singularity
spacetimes. The constant frequency shift of radiation coming from the inner
edge of the inner Keplerian discs (that occurs because matter on the static
radius is stationary relative to distant observers), is one of the most relevant
signatures of the KS naked singularities, or the other spherically symmetric
naked singularities, e.g., of the Reissner-Nordstrom naked singularities.
In Figure 11, it is clearly demonstrated that for the KS naked singularity
spacetimes with ω > ωms, the frequency shift maximum of the inner and outer
Keplerian discs is the same or slightly increased in comparison to those of the
outer discs, while the frequency shift minimum is substantially lowered. The
differences in both the blue and red end of the frequency range increase with
increasing inclination angle and with increasing parameter ω. The minimal
frequency shift is lowered by one order or more in the inner discs as compared
to the outer discs in the KS naked singularity spacetimes with ω > ωph, but it
is of the same order in the KS spacetimes with ωph > ω > ωms. We can see that
in the KS spacetimes with 1/2 > ω > ωms, the gravitational redshift effect in
the innermost parts of the Keplerian discs dominates the frequency shift related
to the Doppler effect, and its role increases with increasing Hořava parameter
ω.
A dramatically different behaviour is observed in the KS naked singularity
spacetimes with ω < ωms – see Figs 12 and 13. In this case, the frequency range
of radiation coming from the total Keplerian discs and the outer Keplerian discs
remains the same. On the other hand, with increasing of the inclination angle
of the distant observers, the frequency minimum decreases, while the frequency
maximum increases, as in the the case of Keplerian discs orbiting the KS naked
singularity spacetimes with 1/2 > ω > ωms. For the KS naked singularities
with ω < ωms, the frequency range increases with increasing ω for all inclination
angles.
8.2 Spectral continuum
We demonstrate in Figure 15 the radial profiles of the radiation flux of both the
outer and inner Keplerian discs for one representative value of Hořava parameter
ω = 0.45, representing the KS spacetimes with two circular photon orbits and
no critical point of the angular velocity profile (case 1/2 > ω > ωph), and for
two values of ω = 0.35, 0.3, representing the KS spacetimes with the critical
point of the angular velocity profile at the inner Keplerian disc (case ωph > ω >
ωms). The radiation flux of the outer Keplerian discs vanishes at the ISCO,
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representing the inner edge of the outer discs. The radiation flux from the inner
Keplerian discs vanishes always at the static radius rstat.
For the inner Keplerian discs in the KS spacetimes with ωph > ω > ωms,
the radiation flux vanishes also at the critical radius rΩ/max. Magnitude of the
radiation flux from the inner disc at its maximum is by four orders larger in
comparison to the flux maximum observed in the outer Keplerian disc, if the
accretion flow is assumed the same. The inner Keplerian discs in the KS naked
singularity spacetimes with ω > ωph, if thermalized due to some efficient vis-
cosity mechanism, would be extremely hot and efficiently radiating due to the
extremely steep decreasing of the radial profiles of energy, angular momentum
and angular velocity; especially in the case of the near-extreme KS naked singu-
larity spacetimes the gradients of these radial profiles are extremely large and
the inner Keplerian discs would be extremely strongly radiating. If the accre-
tion flow will be the same as those in the outer Keplerian discs, the radiation
flux maximum from the inner discs exceeds very strongly, by many orders, the
radiation flux maximum of the outer discs. The radiation flux maximum can di-
verge as the outer edge of the inner Keplerian disc approaches the stable photon
circular orbit.
Our results indicate that creation of thermalized inner Keplerian discs is
astrophysically extremely unrealistic – both because of the unrealistic conditions
for creation of matter structures corresponding to the inner Keplerian discs, and
the impossibility of existence of extremely efficient viscosity mechanism for the
heating of the inner discs. In the KS spacetimes with the Hořava parameter
1/2 > ω > ωms, only the outer thermalized Keplerian discs are physically
realistic. On the other hand, existence of cold inner Keplerian discs with range
limited by the outer edge at the radius corresponding to the circular geodesics
with energy E = 1 (or E = EISCO) cannot be excluded. However, the most
probable is occurence of the thick toroidal accretion structures, or even spherical
structures mixing matter and trapped radiation and orbiting around the static
radius in the KS naked singularity spacetimes with 1/2 > ω > ωms.
The radiation flux of the total Keplerian discs orbiting in the KS naked
singularity spacetimes with ω < ωms is illustrated in Figure 16 for two char-
acteristic values of the parameter ω. The radiation flux vanishes again at the
critical radius where dΩKdr = 0 and at the static radius. Our results are nor-
malized to the accretion flow, and we observe that the radiation flux maximum
increases with increasing parameter ω, reflecting thus the increasing efficiency
of the Keplerian accretion discs. The radiation flux from the inner part of the
complete Keplerian discs extending below the critical radius (at r < rΩ/max)
exceeds the radiation flux from the outer part of the Keplerian discs. However,
it is not clear, if an efficient viscosity mechanism can work at the inner region,
and we know from the discussion in the previous section that there are some
difficulties in transporting the accreting matter accross the critical radius where
no viscosity mechanism works.
The temperature profiles of the outer Keplerian discs in the KS spacetimes
with 1/2 > ω > ωms are compared to the temperature profile of a KS black
hole and the temperature profile of the complete Keplerian disc around a KS
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naked singularity spacetime with ω < ωms in Figure 14. We see immediately
that the differences in the temperature profiles increase with decreasing ω. The
temperature increases due to the increasing efficiency of the Keplerian accretion
in the outer discs.
We demonstrate in Figure 17 a directly observable quantity, spectral contin-
uum νL(ν), constructed for the outer Keplerian discs orbiting KS naked singu-
larity spacetimes with typical values of the parameter ω and compare them to
the one corresponding to the Keplerian disc around a KS black hole. These outer
Keplerian accretion discs can be physically quite realistic, it is thus important
that we can observe clear quantitative differences that could be observation-
ally detected, especially for the KS naked singularity spacetimes with relatively
low parameter ω. The maximal magnitude of the spectral-continuum frequency
profile depends on the inclination angle of the distant observers, being decreas-
ing with increasing inclination. However, the frequency corresponding to this
maximum is almost independent of the inclination angle.
For the KS naked singularities with ω < ωms, we compare the spectral con-
tinuum of the complete Keplerian discs and the spectral profiles corresponding
to the outer parts of the discs where dΩKdr < 0. It is demonstrated in Figure 18
that the spectral continuum is clearly different for all the inclination angles of
the observers, in both the extension of the spectral profile in frequency, and the
location and magnitude of the spectral-profile maximum.
Finally, we present for completeness the radiation flux in dependence on the
observed frequency of the emitted radiation (F (ν)), and the inclination angle
to the distant observers, for the complete Keplerian discs and their outer parts
orbiting in the field of the KS spacetime with ω = 0.1 < ωms in Figure 19. The
flux dependences on the observed frequency, radiated from the inner and outer
Keplerian discs, and the outer discs, orbiting in the field of the KS spacetime
with ω = 0.282 are compared in Figure 20; the inner disc has its outer edge at
the radius corresponding to the energy at ISCO. In both cases we see strong
differences in the frequency distribution – the discs radiating also in their inner
parts demonstrate clear shift of the flux maximum to the larger values of the
observed frequency.
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Figure 21: The profiled spectral lines generated by monochromatic radiation
from the outer Keplerin discs orbiting KS black hole or naked singularity space-
times with five representative values of the Hořava parameter ω = ∞ (black),
0.6 (dashed), 0.45 (dotted), 0.3 (dot-dashed), and 0.1 (gray). The profiled lines
are constructed for the three representative values of the observer inclination
angle, θo = 30/circ(top), 60◦ (middle) and 85◦ (bottom).
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Figure 22: The profiled spectral lines generated by monochromatic radiation
from the Keplerin discs orbiting KS naked singularity spacetimes with two rep-
resentative values of the Hořava parameter ω = 0.45, 0.3 . The profiled lines are
constructed for the three representative values of the observer inclination angle,
θo = 30
/circ(top), 60◦ (middle) and 85◦ (bottom). The dashed curve represents
the profiled spectral line generated by both the inner and the outer Keplerian
discs, while the solid line represents the profiled spectral line generated only by
the outer Keplerian disc.
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Figure 23: The profiled spectral lines generated by monochromatic radiation
from the Keplerin discs orbiting KS naked singularity spacetimes with two rep-
resentative values of the Hořava parameter ω = 0.1 (left) and ω = 0.2 (right)
. The profiled lines are constructed for the three representative values of the
observer inclination angle, θo = 30/circ(top), 60◦ (middle) and 85◦ (bottom).
The dashed curve represents the profiled spectral line generated by both the
inner and the outer Keplerian discs, while the solid line represents the profiled
spectral line generated only by the outer Keplerian disc. In all the cases, the
dashed curve represents the profiled line generated by the outer Keplerian disc
extending to the inner edge at rin = rΩmax(ω), while the solid curve represents
the profiled line generated by the complete Keplerian disc extending down to
the inner radius rin = rstat(ω).
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Figure 24: The profiled spectral lines generated by monochromatic radiation
from the inner and the outer Keplerin discs orbiting KS naked singularity space-
times with two representative values of the Hořava parameter ω = 0.45, 0.3 . The
profiled lines are constructed for the three representative values of the observer
inclination angle, θo = 30/circ(top), 60◦ (middle) and 85◦ (bottom). The inner
Keplerian disc is considered in two variants related to the location of its outer
edge. The dashed curve represents the case of ro = rK(EK = 1), while the solid
curve represents the case of ro = rK(E = EK(rISCO)). The values of the radius
at the outer edge of the inner disc: for ω = 0.35, there is ro = 1.762 (EK = 1),
ro = 1.70492 (EK = EISCO), and for ω = 0.45, there is ro = 1.15575 (EK = 1),
ro = 1.1549 (EK = EISCO).
8.3 Profiled spectral lines
We consider the fluorescent spectral lines, generated by the Keplerian discs and
profiled by the effects of the KS naked singularities; we compare them to those
generated in the field of the KS black holes. Since the fluorescent lines are
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excited by an external irradiation of the Keplerian discs, it is not necessary
to consider in this case the thermalization of the Keplerian discs – also cold
Keplerian discs can emit the fluorescent radiation. For this reason, we study in
detail the role of the inner Keplerian discs in shaping of the fluorescent lines.
The outer edge of the outer Keplerian discs is assumed at r = 20, the inner edge
at rISCO. The inner Keplerian discs have their inner edge at rstat and the outer
edge at r = rK(EISCO). In the KS spacetimes with ω < ωms, we consider the
complete Keplerian discs in the range rstat − r = 20, and, alternatively, in the
range rΩ/max − r = 20. The profiled spectral lines are constructed in all the
considered cases for three representative values of the observer inclination angle
θO = {30◦, 60◦, 85◦}.
First, we have constructed the profiled spectral lines for the outer Keple-
rian discs orbiting KS naked singularities with three representative values of
ω = {0.1, 0.35, 0.45} in Figure 21; each of them represents one particular case
relative to the values of ωms, ωph and ωh, discussed above. In the case of ω = 0.1,
the complete Keplerian disc is assumed. These profiled lines are compared to
those constructed for the black hole spacetimes with ω = 0.6 and ω =∞ corre-
sponding to the Schwarzschild black holes. The profiled spectral lines generated
in spacetimes with different parameter ω can be clearly distinguished by the
shape of the profiled line and its frequency extension. The shape differences are
clearly demonstrated especially for small inclination angles, while the extension
of the profile is most clearly reflected for large inclination angles. The differences
increase with decreasing parameter ω.
The signatures of the inner Keplerian discs in the profiled spectral lines gen-
erated in the field of the KS naked singularities with ω > ωms are demonstrated
in Figure 22 for ω = 0.3, 0.45. In both cases, the signature is represented by
a small hump in the red edge of profiled spectral lines. However, the hump is
unobservable for near-extreme KS naked singularities.
For the KS naked singularity spacetimes with ω < ωms, the profiled spec-
tral lines generated by the complete Keplerian discs and their outer parts
(at r > rΩ/max) are compared in Figure 23 for two characteristic values of
ω = 0.1, 0.2. It is clearly demonstrated that the complete Keplerian disc gives
a clear signature in the profile lines for all the inclination angles and both the
values of ω.
Finally, we have tested the role of the shift of the outer edge of the inner
Keplerian discs on the profiled lines generated in the field of KS naked singu-
larities with parameter ω = 0.35, 0.45 > ωms. It is demonstrated in Figure 24
that the shift of the outer edge from r = rK(EISCO) to r = rK(E = 1) gives
quite negligible changes in the shape and extension of the profiled lines.
We can summarize that the profiled spectral lines can give clear signatures
of the KS naked singularity spacetimes. We can even obtain an interesting
information related to the extension of the fluorescenting Keplerian discs in the
shape of the fluorescent spectral lines.
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9 Conclusions
We have studied the optical phenomena related to the Keplerian accretion discs
orbiting the KS naked singularity spacetimes. We have considered three optical
phenomena: a) the appearance of the Keplerian discs demonstrating the influ-
ence of the strong gravity effects on the shape of the discs and the frequency shift
of the radiation generated by them, b) the radiation flux of thermaly radiating
(Page-Thorne) Keplerian discs, their temperature profile, and the correspond-
ing spectral continuum observed at large distances, c) the spectral (fluorescent)
lines generated by an outer irradiation of the Keplerian discs and profiled by
the strong gravity effects of the spacetime.
The KS naked singularity spacetimes are separated into three distinct classes
according to the properties of the geodetical (Keplerian) circular orbits in de-
pendence on the dimensionless Hořava parameter ω < 1/2. For all three classes
of the KS naked singularity spacetimes, the innermost circular orbits corre-
spond to the stable equilibrium point with L = 0 at the so called static radius
where particles are at rest relative to distant observers. The other properties of
the circular geodesics are quite different in those three classes of the KS naked
singularities.
For small values of the naked-singularity Hořava parameter, ω < ωms, only
stable circular orbits can exist at such KS naked singularity spacetimes – no
unstable circular orbits and no circular photon orbits exist. For mediate values
of the Hořava parameter, ωms < ω < ωph, two regions of stable circular orbits
exist, being separated by a region of unstable circular geodesics – no photon
circular orbits are possible in such spacetimes. For large values of the naked-
singularity Hořava parameter, ωph < ω < 1/2, two regions of stable circular
orbits exist again; the inner region is limited from above by a stable photon
circular orbit; under the outer region of stable circular geodesic orbits a region
of unstable circular geodesics extends being limited from below by an unstable
photon circular orbit. No circular geodesics are allowed between the stable and
unstable photon circular orbits.
In all three classes of the KS naked singularity spacetimes, there are regions
where the gradient of the angular velocity of the circular geodesics is oppositely
oriented, while in the black hole spacetimes, there is always dΩKdr < 0 along the
whole Keplerian discs allowing thus for the MRI viscosity mechanism to work
in whole the region of stable circular geodesics. In the KS naked singularity
spacetimes with ωph < ω < 1/2, the regions with dΩKdr > 0 and
dΩK
dr < 0 are
separated, while in the spacetimes with ω < ωph, there is a radius where dΩKdr = 0
and these regions are smoothly matched there, but the MRI viscosity mechanism
governing the standard Keplerian accretion stops its functioning there. We call
the discs where dΩKdr < 0, having the standard MRI viscosity mechanism at
work, the outer Keplerian discs, while those where a region with dΩKdr > 0
occurs we call the inner Keplerian discs. In the inner Keplerian discs we assume
occurence of a non-standard viscosity mechanism creating a thermalized disc, or
we assume that the accretion is governed by the gravitational radiation of the
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orbiting matter and the disc has to be cold. It should be stressed that a non-
Keplerian accretion structures (toroidal or even spherical) are more probable to
occur in the regions related to the inner Keplerian discs, nevertheles, occurence
of limited inner Keplerian discs cannot be excluded and that is the reason why
we have studied such structures in our paper.
All three considered optical phenomena, the appearance of the Keplerian
discs, their spectral continuum and their profiled spectral lines demonstrate
clear signatures of the KS naked singularity spacetimes, enabling us to distin-
guish them from the Keplerian discs orbiting the KS or Schwarzschild (Kerr)
black holes. The strong, qualitative signatures of the KS naked singularity
spacetimes are related mainly to their inner Keplerian discs (or inner accretion
structures, if Keplerian discs are destroyed), and enable even strong restriction
of the dimensionless parameter ω in order to distinguish the three clasess of the
KS naked singularity spacetimes. Moreover, even the optical phenomena related
only to the outer Keplerian discs where the standard accretion governed by the
MRI mechanism occurs alow for quantitative estimates of the parameter ω and
distinguishing of the KS naked singularities.
The most profound quantitative signatures of the KS naked singularities are
related to the profiled spectral lines generated in both the outer and inner Kep-
lerian discs. However, the signatures are strongly dependent on the inclination
of the discs to the distant observer that should be known apriori, in order to
obtain a convincing restrictions on the KS spacetime parameter. For objects
close enough, the details of the appearance of the inner Keplerian discs could
be observed giving direct qualitative signatures of the presence of KS naked
singularity spacetimes.
Strong qualitative signatures of the KS naked singularities are expected in
the case of the toroidal or spherical structures in the innermost parts of the near-
extreme naked singularity spacetimes, being influenced by the trapped photons.
Of course, this is a theme for a future study.
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